Abstract. The Jordan-Wigner transformation is applied to study the ground state properties and dimerization transition in the J1 − J2 XXZ chain. We consider different solutions of the mean-field approximation for the transformed Hamiltonian. Ground state energy and the static structure factor are compared with complementary exact diagonalization and good agreement is found near the limit of the Majumdar-Ghosh model. Furthermore, the ground state phase diagram is discussed within the mean-field theory. In particular, we show that an incommensurate ground state is absent for large J2 in a fully self-consistent mean-field analysis.
Introduction
Low-dimensional quantum spin systems with competing interaction are a field of diverse theoretical studies [1] . Recent progress in material synthesis has brought up several transition metal oxides realizing such spin systems. In particular, the s = 1/2 spin chain with frustrated nextnearest neighbor interaction has been found to model the quasi one-dimensional copper oxide material CuGeO 3 [2, 3] . The J 1 − J 2 Heisenberg chain is well known to display a quantum phase transition from a gapless, translationally invariant ground state with algebraic spin-correlations to a dimer state [4] at J 2 ≈ 0.24J 1 [5, 6] . At the MajumdarGhosh point [7] , i.e. at J 2 = J 1 /2, the ground state is a doubly degenerate dimer product of singlet pairs on neighboring sites. In the vicinity of the Majumdar-Ghosh point there is a transition [8] to an incommensurate phase for larger J 2 [5, 9] . Low-energy field theories [5, 10] are not suitable for describing this transition since it occurs at a very short correlation length of about one lattice spacing. Also semiclassical approaches [11, 12] are not applicable to this commensurate-incommensurate transition in the J 1 − J 2 chain with s = 1/2, since they fail to reproduce e.g. the solitonic nature of the fundamental excitations [13] .
The Jordan-Wigner transformation is another technique which allows for an approximate analytic analysis of low-dimensional quantum spin systems (see e.g. Ref. [14] for a recent review). It has also been applied to the J 1 −J 2 chain [15, 16] , however only for a restricted set of meanfield configurations. While Ref. [16] reported incommensurability for larger J 2 , this work did not consider dimerized states and thus fails to reproduce the gap which is known to be relevant in this region (see e.g. [5] ). This motivates us to perform a systematic study of the spin-1/2 J 1 − J 2 chain using the Jordan-Wigner transformation and considering all possible mean-field configurations. Since the Jordan-Wigner transformation is known to be exact for the nearest-neighbor XY chain [17] , we will further consider the case of a general XXZ anisotropy. Note that the effects of the anisotropy in the spin-1/2 J 1 − J 2 chain have been studied systematically either numerically [18, 19] or using field theoretical approaches [4, 20, 21] , but not in previous Jordan-Wigner treatments [15, 16] . This paper is organized as follows: In section 2 we perform a mean-field analysis of the Jordan-Wigner transformed [22, 23] Hamiltonian. Remarkably, the MajumdarGhosh state [7, 24] is recovered exactly by our approach. Section 3 presents results obtained from a numerical solution of the mean-field equations and a comparison with complementary exact diagonalization data. Finally, section 4 summarizes our results concerning in particular the applicability of the Jordan-Wigner approach to the different parameter regimes.
Mean-field analysis
In the following we consider the frustrated spin
Here J 1 (J 2 ) > 0 is the nearest (next-nearest) neighbor coupling, ∆ is the exchange anisotropy and s α l are spin-1/2 operators. By the Jordan-Wigner transformation [22, 23] the spin Hamiltonian (1) is mapped onto a model of interacting spinless fermions c
The first term corresponds to the XY nearest-neighbor interaction and can be treated rigorously [25] . The remaining terms are the z component of the nearest neighbor and the complete next-nearest neighbor exchange. They represent four-fermion interactions which render the model non-integrable. We will therefore resort to a mean-field approximation preserving all pair correlations of type c + n c m in the factorization of the interaction terms:
These contractions are related to single-site, nearest neighbor, and next-nearest neighbor spin-spin correlation functions. The self-consistent determination of these contractions follows Ref. [15] , where however only the case of g l = D l = 0 had been considered. We find the following phases:
i) paramagnetic (homogeneous) [26] :
The self-consistency equations for phase iv) are discussed below. Here, we should only note that in all cases we find no uniform contribution to the next-nearest neighbor correlation D l . A staggered next-nearest neighbor contraction is induced by the antiferromagnetic order and tends to zero when g = 0. Therefore, the current mean-field approach is not suited to treat the limit of two weakly coupled chains (J 1 → 0) where the correlation between the next-nearest neighbor spins becomes strongest. For case iv), and after Fourier transformation the meanfield Hamiltonian reads
where
The Hamiltonian can be diagonalized by the unitary transformation
where cos α f k = e k / e 2 k +f 2 k . This leads to the free fermion model
with the spectrum: λ k = e 2 k + f 2 k . For the selfconsistent equations for A, δ we find:
The mean-field approximation to the ground-state energy is obtained from the ground state expectation value of the fermion Hamiltonian (2), including contractions only up to quadratic order. For the dimer phase iv) the ground state energy per site is
We note that the dimer order parameter [5] d= S 2i−1 S 2i − S 2i S 2i+1 corresponds to 4(A − 1)δ within our treatment. So far, we have assumed that the mean fields are real. However, it is known that an easy-plane anisotropy ∆ < 1 induces a chiral phase for large J 2 [10, 27] (note that the existence of such a chiral phase had been verified numerically in a different ladder model [28] prior to [27] ). The chiral order parameter κ l = s corresponds to the imaginary part of the fermion nearest-neighbor contraction ℑmA l . Therefore, the elementary contraction should be allowed to be complex. In this case the ground state energy reads:
Here A R(I) is the real (imaginary) part of A, and δ R(I) is the real (imaginary) part of δ. It is evident that for large J 2 /J 1 a non-zero A I lowers the ground state energy in contrast to δ I . Hence, we have considered mean-field solutions with non-zero A R , A I , and δ R . However, numerical solution of the mean-field equations did not yield any complex solution. The Majumdar-Ghosh point [7, 24] 
where η Fig. 1 shows results of a numerical solution of the selfconsistency equations for configurations i)-iv). It can be seen that all solutions exist for positive J 2 . To check the accuracy of these results, we have performed exact diagonalization of the Hamiltonian (1) for L ≤ 32 sites (since this type of computations has a long tradition [30] , similar results can also be found in the literature, in particular for ∆ = 1). We have performed a finite-size extrapolation using the Vanden-Broeck-Schwartz-algorithm [31] Apart from the exact ground state at the MajumdarGhosh point we may contrast the mean-field solutions against other known results. We start from the XY nearestneighbor model (∆ = 0, J 2 = 0) where the Jordan-Wigner transformation yields the exact answer [17] . For small J 2 /J 1 the results of all approximations are very close (upper panel of Fig. 1 ) and all order parameters grow very slowly. In fact, a detailed analysis of (6) for A, δ shows that J 2 > J 2,dim = −∆J 1 /2 is the condition of a non-zero solution for δ. The approximate solution for small J 2 − J 2,dim above this point gives
Results
The excitation gap appears at k = π/2 and increases as 4(J 2 − J 2,dim )δ. Note that close to the critical point J 2c bosonization yields a very similar form [4, 5] δ ∼ exp − constJ1 (J2−J2 c ) and a gap which is proportional to δ 2 . For an analysis of the phase diagram we compare the ground state energies of all phases. In the regime of small frustration, the "AFM+stag." solution has the lowest energy and at some point α c = J 2c /J 1 crosses with the solution for the dimer state (see Fig. 1 for ∆ = 1 ). This can be identified with a first-order phase transition. Note that at ∆ = 1 the "AFM+uni." and the dimer solutions cross very close to an early estimate for the critical point crossing decreases with decreasing ∆ whereas the exact diagonalization data [18, 19] exhibit an increase of J 2c . The excitation gaps of the different mean-field solutions are depicted in Fig. 3 . The "uniform" solution is always gapless and is not displayed. The "dimer" and "AFM+stag."solution have a maximum of the gap near the Majumdar-Ghosh point which is consistent with numerical results [5] . The position of the minimum in the excitation spectrum of the "dimer" solution jumps from k = ±π/2 to k = 0 at the Majumdar-Ghosh point. The minimum of the "AFM+stag." solution shifts continuously for J 2 > J 1 /2.
can be expressed through the four-fermion correlation function. For the dimer state we get the following result in the mean-field approximation:
. (11) In the limit of the Majumdar-Ghosh model the exact result [9] S zz (q) = 1 4 (1−cos(q)) is recovered. The result (11) for the zz static structure factor at J 2 /J 1 = 5/11 is shown in Fig. 4 as a full line in comparison with numerical results (open symbols). Both approaches yield a broad maximum at the boundary of the Brillouin zone q = ±π, signifying antiferromagnetic correlations with a short correlation length [5, 9] . Small deviations are observed at q = ±π, where the numerical data exhibits also the biggest finitesize effects. 
Conclusions
To summarize we have applied the Jordan-Wigner transformation to the spin-1/2 J 1 − J 2 XXZ chain. We have performed a complete analysis of the possible mean-field states and found that a dimerized state has lowest energy for J 2 larger than some critical value. The groundstate energies are in good agreement with exact diagonalization data and we even recover the exact result at the Majumdar-Ghosh point [7] .
The location of the critical point is obtained from the crossing between the energies of the antiferromagnetically ordered state iii) and the dimer state iv). This yields good agreement with numerical results for ∆ ≈ 1, but does not follow the anisotropy dependence for small ∆ correctly. This discrepancy may be related to the following facts. Firstly, spin-spin correlations should decay as a power-law below J 2c [4] , while the mean-field theory treats this phase as antiferromagnetically ordered. Secondly, in the meanfield scenario the transition is generically of first order, not of the established infinite order. Just at ∆ = 0, we find J 2c = J 2,dim = 0 and recover the infinite order phase transition to the dimer state, see (10) .
Furthermore, we have calculated the zz static structure factor for the "dimer" mean-field approximation. The result coincides with the exact one for the MajumdarGhosh point and satisfactory agreement is found with numerical results in the dimerized phase below the MajumdarGhosh point.
It should be mentioned that there are problems with the present approach for large J 2 . In particular, the mean-field dimer state does not reveal any incommensurability, as signaled e.g. by a shift of the maxima of the static structure factor beyond the Majumdar-Ghosh point [9] . This is an important difference with Ref. [16] which obtained incommensurability from a mean-field approach. However, the solution of Ref. [16] does not correspond to the ground state. Remarkably, the absence of incommensurability is a special property of the dimerized mean-field solution which leads to a cancellation of the next-nearest neighbor hopping processes in the fermionic picture. Consequently, alternative approaches are needed to describe the region J 2 > J 1 /2.
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